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Section list.
Variable A : Type.
Inductive list : Type :=
| nil : list
| cons : A —list —list.
End list.

1000 SectionU DO D OOOOOOODOOOOODLOOOODOODOODODODDOODO
(00)0DOO0OOD0ODODO0ODO0OOO0ODOOOO0ODOOLDODO0OD (O)DO0OO0DOoDO
0000000 (0D0)00000000000000002000 VariableOOOOOOO
goobooooobbboooooobboooobbboonobbodTyypedd AD
U000000AO TypeODOOODOODDOAODDOODOOODDOO

3000 Inductive 000 00000000000000D00O00 listO TypeOODODO0O*20
0000000004000 5000 497000 st0D0ODODODOODO stOO0OO nild
A—list—list0 000 consOODO0OO0ODOOOOO

6000 EdO00J0O0O0OO0ODOOOOCOO0ODOOOO0OUODOODO0OODDOOOODOO
odoooobooboboobbooboooboobobooboooboobobooboon
gooooboobooboobbooobooboboobbooboooboobboooboon
gobobboooobbobooooobobbooooobobooogistobbboooon
U0 A:TypeUUUOUOODODODODUOUEdDUDDOOO listUO0O0O0O0O0ODODOO0O0O0NstOO
O Type —=Type UODOODOODOOO nlOOOV(A: Type), st ADODDODODOODOOOOOODO
gooboobogbboobbooobooboboobbooboooboobboooboon
gboooobogn

CoqOOONetation 0000000000 DOOODOOOOOOODOOOOOOOOO
000000t 0000000000 consO000O0OOOO “” 00000000C0O0ODO0O
U0 InfixDOOOOOO0O00OO0

Infix "::" =
cons (at level 60, right associativity)

. list_scope.

*2 Coq0D0ODOODOODODOOOODO
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Section app.
Variable A : Type.
Fixpoint app (x y : list A) {struct x} : list A :=
match x with
| nil =y
|a:x =a:(appx'y)
end.

End app.

2000 Variable 0000000000 0ODDOOOO3000 appO0000O0OODOO
OO0 xy:listAD 200000 xOOO yOOOODOO listAODODDOOODOODOO
Ystruct x} : list A 0000 OxO0OO0DO0DO0D0000000OO0OOOOOOOOOOOOOOOO
00000 st ADODODO000000O0“=0000000000000000matchd000
000000000000 0000D0O0DO0D00D0000000DO0D0O appO000O 100 x
OnlO0O00 yOODOaxxOOOO aO000O0O0OO appxy0O0OdonooonooDoOonO
U0000b0db0dl0Fxpeint D OO0 D0DO0OOODO0ODOOODOOO0ODOO0OOOODOO
00000000000000000 21000000 foldrDOD0O foldiO0 CoqO 0000
O00000000000000 foldrOODO foldl DODODODDOODOOOO

fOldT’ (69) € [a15a27"‘7an]:al@(QQ@"'@(Qn@e))
fOZdl (@) € [alaa27"°7an]:((669@1)@@2)@"‘@@71

00000 0O0OalODOO00OO0DOO0OODOO0ObOOOODbOO

Eval compute in
((fun x : list nat =x +4 x) (1 2 2 :: 3 =2 nil)).
=1:2:=:3:1:2:2:3::nil

. list nat

compute 100 0000000000000 O0DOOOOOO0ODOOOO 2000Coq0O0O0O
0000000000000 0OdCoqU0O0O0O0O0OO0OOODOODODODOOODOOOOOO
(funx:listnat =x ++x) 00x 0000000 x++x00000000000000 “4+7
UOappU00O000O000O0OOOOOO

*®Fixpoint 000 0000000000000 O0OO0O0O0OO0DODODOOOOOOOOOODOODOO
Definition0 O OO0OOO0O0O0O
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Section fold.
Variables A B : Type.
Fixpoint foldr (op : A =B —B) (e : B) (x : list A) : B :=
match x with
| nil =e
| a:: x’ =>op a (foldr op e x')
end.

Fixpoint foldl (op : B —A —B) (e : B) (x : list A) : B :=
match x with
| nil =e
| a:: x" =foldl op (op e a) x'
end.
End fold.

021 foldrOODO foldlODODO

24 00000

000000000000 0000000000Coq000000Curry-Howard OO [16]
0000000000000 0000000oooooooooCeqOO0OO0OOOOOOOO
gobooboooobooboooooobobbooooooboobboooobbooooooobo
AxomU DO DODOOODODOODODOODDOOOOOOODOOO

CoqU0O0O0O0OODODODODOODOOOO0O0OODODODODODOOODOOOOOODOOoOooooon
0000000000000000000000 [12)000000000000200000
000000000 eqO0CoqUi0000000ODDOOODOO00O0OOOoOonoooO

Inductive
eq (A : Type) (x : A) : A —Prop :=

| refl_equal : eq x x

eq000 A:Type D x: AUOOD AO 30000000 Prep™00000000D0DO0
OD00O0O0O reflequal D0 eqxx 00 100000000000 00O0DO0OOCDOOOOODOOO
O0000000Set Implicits Arguments 10 0000000000000 0O00O0O0O0O0O0O
00000b0o0b0o0b00ob0bO0o0b00bDbob0bU0U0bDeqUuObooboonoboon
U0Ox=yOeqxyOOUOOOOOOOOOOOODODOOOD1I+1=20000000000
Ureflequal 2000000000000 Oreflequal 20 1 +1=2000000000000
U0 Definition D 000000000000 O0OO

* Prop 00 Type000000000000000
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Definition oot : 1 + 1 = 2 := refl_equal 2.

Definition D OO OO OFixpoint D0 00000 0O0OOO0OOODODODOODODOODODOOOO
oot HODODOOOOOreflequal 2000000000000 14+ 1=20000000000
ubboobooodgbobOpPrpddblbdOd 1+ 1=2000000000000000000
1+1=2000000000000ect 0O OUODDOOODLDOOODOODODO

25 O0O0OOD0ODOODO tactic

U00b0000 Definition U0 UOO0OODDOOOO0O0O0O0OO0ODODOOOOOO0OO0ODODODOO
tactic 00000 0000000000000 0OTheoremOOO00*00000000 (O)
00000O00tactic000000O0O0ODO (0DDODDODO)0OOO

O00000000000o0oooooo0ooOo0ooooCoqO0O00OD0OOOOOOOOOOO
000000 CoqUODOOOODDOOOUDODOOOODOOUODDOUODDOOODOODDOOO
oo0boooboooobooboboobobooon

Coq < Set Implicit Arguments.
Coq < Require Import Plus.
Coqg < Section tactic_demo.

Coq < Theorem thm_example : VImn:nat, m=n —l+ m=n + |

1 subgoal

Vimn:nat m=n—=l+m=n-+1

000 Coq<OD00O0 CoqOOOOIODDDOODDODOOUDODOODOOOODODOO
oo0oDoOoO00Do40000@mooooog L, m,nO0000m=n0000+m=n+1
000000000000 thmexample D00 Theorem 00 000000000 CoqO
Vimn:nat m=n—l4+m=n+ 100000000000 ODOOOO tacticOOODOO
00000000 tacticOOOOODOOODOOOOODOUODOODOODOODOODOODO
gbobooobogbboobbooboobboobboobuooboboobboooboon
goobooboobboobbooboooboobobooobo

thm_example < intros.

1 subgoal

*5 Definition 00 000000000000 0000000O0TheoremOOOOOODOO0OOOO
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| : nat

000000000000 (00000 D)000000DLO00DOU0ODODOO (OOoooOo
000000000000000000D000D000000D00D00) 0000 intros tactic
goboooboooobooboboobboobooobuooboboobboooboo

thm_example < rewrite H.

1 subgoal

| : nat

rewrite tactic 000 0000000000000 0O0DOO0DO tacticOOOODOOODOO
rewite HOOHO m=nUO00000000000O000O0mO nO0000O0O0O0OO0DODOO

thm_example < apply plus.comm.

Proof completed.

thm_example < Qed.
intros.
rewrite H in Fx.

apply plus_comm.
thm_example is defined

Coq < End tactic_demo.

apply tactic DO D O0D0OO0D0OO0DOODOOOODODOOOO0OODDO tacticOOODO
oo oLDDbD DO
goon pluscommUO0O00000000000000O0O0ODO0O0O0O00000O0ADO plus.comm 00O
goboobouoouibbibOibDUOUUORequire  mport U U OO OODODOOOO0OOODOO
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Extracton 0000 00000CoqUOOO0OO00OD0OOOOOOOOOODOOOOOOODOO
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Ooooooooooon OCaml, Haskell, Scheme 00000000 OO0 app O Haskell
ygooooooobobobobobobbboobobbdoduououooooa

Extraction Language Haskell.

Extraction "app.hs" app.

U0000b00ob0ob0obOobOobOoD Aapp.hsOOO0O0OO0ODO

module App where

import qualified Prelude

data List a = Nil

| Cons a (List a)

app :: (List al) -> (List al) -> List al
app 1 m =
case 1 of
Nil -> m

Cons a 11 -> Cons a (app 11 m)

*gpoooo Type 0000000000000 DODOO0ODDOO Defined00O0ODODO0OO0OO0DOO0OO
*TFixpoint 000000000000 00000D000D000000000CoFixpointOOODOOO0DO
gboooooobooooDo
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gboooooobooooDo
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oon

go0ooo0obooOdoOoOo0ooboOoOoo0ooboUo 20000000 bDOOobObOOoOOD
0000000000000 0O0DO0DbOO0oDbOO0ODOO0DbOOoDOOoDOOoDOOoDOOoDOOoDOO0ODOObO0On
O000D000000000000CoqO0O0D0O0O0O0O0ONO Coq.Logic.FunctionalExtensionality
O000000000000000 functional_extensionality dep 0 0 0O 0O 0O 0O OO O O O Require
gboobooboobooboboboo

Axiom functional_extensionality_dep : V{A} {B : A —Type},
V(fg:Vx:A, Bx),
(Vx fx=gx) -f=g

I o o o B I B R Y B A B O B A A A A A R A
functional_extensionality 0 0 0 O 0O 0O O

Lemma functional_extensionality {A B} (fg: A —B):
(Vx fx=gx) =>f=g

00000O0O0O0OY:A fx=gxO0O0OOOO0O0O0000 f=gOOOOOO0O0O0OO00OO00O

00000000000000000000000000000000000O0O0O0OOO
000000000000000000000000000000000000000000
ooooooo

000000000000000000000000O0O0O0O0O0O0O0O0O0O0O0OOOOOO
0000000000000000000000000000000000000A —BOO
00 f000g0000MOOO0AOOODa00000f0 ¢000000000000O0
Vx: A fx=gxO000O000 fO0O00 g00000000000000000 A—>BOOO
0000000000 Orelation (A —B) 0 (A —B) —(A —B) »Prop0000A -BOOOO
0ooooo0ooooo

Section ext_eq.

Variable A B : Type.

Definition extensionally_eq : relation (A —B) :=
funfg: A—-B=W:A fx=gx

End ext_eq.

gboooobogbobuoooboobboobbobiboobbDbOl egtensionally_eq [
ooooobooo

CoqUOO0O0DOODOODOOOOODODOODODO Add Parametric Relation 000000000
0000 reflexivity J rewrite 0 00 tactic 000000000 DOOO0OOO0OOOOCO0ODOO
gboobooobogbboobog
eqqUOD0O0O0OO0ODOODODO0ODDOOODOOODDOODbDOOODDbDOObDDObODDbOO



16 030 CoqOUOUOOODOOODOOODOD

UO0DO rewrite 00000000 eqUOODODOODODOOODOOOODODOO
go0o0o0o0oboodo0o 2000b0O000obDboO0oOOo0UDOUOOoOo0UoDbDbOObooOoo
00000000 0A—-BODOOOOO fO gOOOOP:A—-Prop0O0DOO0ODO a:AODO
dooooboobbooobbooboobbooboobbOo0bva:A Pa—fa=gal
goobooobbooobbooobbooobobooobobboooobbPabbbOogon
ggobob booogoobobobbodoooobbobbooooobobobbboooooon
odoooobooboboobbo0oboooboobobooboooboobobooboon

33 0O0O0OOO

gbobooobooboboobboobooon

O00000000D0 eqUUOD0O0O0D0O0OD OO0 ooobooobooboo
goooobogooboboobbooobooboboobbooboooboobboooboon
gboooobogbboooboooboobobogo

gbbogbogbbuoobbogbooobuoobbooboooboobbooboo
OO0sig000000D000D0QOsigd00Osubset typeOOOOODOOOODOOOODOOOO
good

Inductive sig (A : Type) (P : A —Prop) : Type :=
exist : Vx : A, P x —sig P.

D00 ADOOPOOOOOsgPO00000O000000 POODOOAODDOOOO
0000000000000 sig000000000000000000{x:A|Px}0O
sig(funx:A=Px)00000000000000000000 {g:A—B|f=g 0000
000 f000000g00000000000000000000000000 existd g0
000000000 (witnes 00000)0f000000000000000000000
0000000000000 00000 witnes0O0ODDO000000O0 Cog0O0000O
00000000000000000000 EvalD00000 Extracion 0100000000
000000000000

2000000 Prop0D0D00O000O0O0O0O00OO0OOOOODDDDDOOOOOOOOOOOODODODDOO
sigP0 Set00000000O0 Prop0O0O00O0O0OODO
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Jdo0o00odooddoddn tactic O
HRERERN

200000000tactic0 00000000000 ODO0O0O0OD0O0O0O0O0LtacODOOO0O
dddddoooooooooobbobobobobobbboboooooooooobboboDbbobDn
tacticO0OOOOOOOO0OOOOOOUODOOODOOOOOODOOOOOOODOOUODOOO
O0000000D0 tacticODODOODOOD tacticOOOOODOODODODODOODOO
(18] 000000000 D0OD tactic0DODODODO 500000000000 OOOO
000 (https://traclifo.univ-orleans.fr/SDPP/) D0 D000 0O00OO00O0O0OO0OOOO
O (Library “Program Calculation in Coq”) 00000000000

41 CoqOOODODODODDOODOODO

l0ooooobOooooooboobobooooobobooDoooobUobooooboo
gboooobogbbooboon

CoqO000DOUODOOO0ODOODOUODOOOOUOODDOOUDOODUDOOOOOOO
gooboboooooobobooooobobboooobobbooooobobbbooooboobo
000000000000 00000D0ODOD0O rewritetactic OO OOOOQOOOOOO
000000CoqUD 0000000000000 00N0D00O0000000000Coq0O0
0000000000000 00000000000 tacticODOODOOOODOOODOODOOO
OO000O00bD0O00n0Oo tacticOO0OOOO0ODOOOOOOtacticOOO0DOOODOOOODOO
0000000000000 00000D0000000000D000 appAssoc 1000 Coq O
gbobgobogogbooooboooo

Lemma appAssoc:
V(A: Type) (I m n: list A),

(I++m) ++n=1++ (m ++n)
Proof.

intros. induction .
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simpl in Fx; auto.

change (a: (Il ++ m)++n=a:|l+4+ m 4+ n)
in Fx.

rewrite «IHI; auto.

Qed.

O000000dCoqO 00000000000 OODODO0OOOODODODODOOODOOOOOO
goog

42 0000000000 tacticOOOODOOOO

0000000000000 00oooCoqO 000000000 0OODOOODOO tacticO
0000000 CalculationalFormProof 0000000000 OODOODOOOODDDODOO
Oo00o0oOoouooooooood

421 00OODOOOO

CalculationalFormProof 0 0000000000000 OOOUOO state 0 OO state O
OO0O000000U0 memoUUUUOUUOUUOUOUOUUOUODODOoooooooooo o

Inductive state : Prop :=
RHS : state

| LHS : state

| BOTH_SIDE : state

| ADHOC : Vs:string, state.

Inductive memo (s: state) : Prop :=

mem  memo S.

gbooboobogbbooboboooboobobodbboobuooobooboboooboon
memo LHSO OO DODOUOOOOODDODOOODOOODDOOODDOOOODDOOODOO memo RHS
0000000000000 0bO0b0ODbOD tacticOODODODODO

pose (mem _: memo RHS)

000000000000 00000D0Ltac0000D00OO0OOODOOOOOODODOOOO
doooobooboobDbooboobboobo0boo0obOo0bn LHStO RHS tO
200 tacticOODOOOOLHStOO¢tactict0OODOOO0OOOOODOO memolLHSOOO
0000000 +000000RAStODO0O000000O0OD0ODODDOOO0O0O0O000DO memo s
0000000000000 00O0ObO0b00Ob0O0Ob00O00O tacticODOOODOO tacticOOO
gobogoobogoboboobooobooboboobbooboooboobboooboon
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gbooooboogboooboooo

422 000O00OOOOO

O0000b0b0b0bO0bO0bUobU0ObDU0ObDUnoO tacticDoogono

={t}

e

O000t000 e000D00O0O tacticOODOOOOOODO tacticODODOOO memo LHS O
00000000000 LtacOODOOOOOOO

match goal with
[F ?lhs = ?rhs] =
let h := fresh "rewriting” in
assert (h : lhs = e) by
(t; reflexivity); rewrite h

end

LtacO match 000000000 0O0O0OQCOODODOOOO tacticOOOOOOOODODO
tactic 0O DOO0OOO0OOMMODODOOOOOODOOOOOOOD IhsOODODOtactict
00000000000 Ihs=e0000 hOOUOrewriteh DO OOODDODOOOODODOOOO
0000000000 tacticOUODOOODOOOODOODODODOODODODOODOOOODOOO
O0D0O0O00OD0O0OD0O0OD0O0ODO appAssoc0 00 tacticOOOODOOOOODODO 410
goo

423 tacticOOOOO

OO00={t}etacticO t0O0DOO0ODODO tacticOODOOODOOOOOOOOOODOODO
0000000000000 0000 tacticODOODODODODODOODOObydef000O0O
U000 tacticOODO unfold D0 O00OO0OOpat D000 0ODOODOODODOODOODOOOOO
O0D0O0OD tacticOOOOrefinetactic0 0000000 O0O0ODOOODOOOOOOCOODOO
0000000 reflexivity 00000000 ‘" 0000OCDOOOO0O

424 Subset Type OO 0O

J00000000000DD0D00000000000O0ggdsigdooooooon
goooobboo frtA—-BOOODODDOOODDOOODDOOOODODODOOODODO
O{g:A—-B|f=g}00000000D0OODOOOOOOOODOOODOODODOO
={t}letactic000DO0O0O0ODOOOOOOOOOODODO sigelimOOOO0OODODOOO
O00000000O00D000000000 tacticOOODOOODDOO Begin tacticOOOO
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Lemma appAssoc:
V(A: Type) (I m n: list A),
(I++ m) ++ n=1++ (m ++ n).
Proof.
Begin.

induction |.

check ((nil +4+ m) ++ n = nil ++ m 4+ n) is GOAL.
LHS
— { by def app }
(m ++ n).
= { by def app }
RHS.
Ik

check (((a :: 1) +4+ m) ++ n =
(a ) +4+ m ++ n) is GOAL.
LHS
= { by def app }
(@ (I +4 m)) ++ n).
— { by def app }
(a = ((I +4 m) ++ n)).
= { rewrite IHI }
(a = (I +4 (m +4+ n))).
= { by def app }
RHS.
il
Qed.

O 4.1. CalculationalFormProof 0 0 0 00 0O 0O O appAssoct O O

goo

Definition sig_elim :
{n:nat|1+4+1+4+1=n}
Begin.
LHS
={ by def plus }
(2+41).
={ by def plus }
3.
.
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Begin tactic [0 econstructor tactic 0 0 0 00000 000O0O0O0OOODOOOOODODOOOO
iU DD oD DDLU OOO
00 “roo0doooopoooooogoooooon

43 tacticO0OO0OOOOODOO tacticO O OdOd

O0000000O tacticODODODOODOOO tacticDODODODOODOOOOOOOOODO
O0000D00000={t}etactic00 100+t0000000000O0O (DO0)0e0DnOO
O0000o00ob0000ob00ob00ob0obO t00000b00obO0ObO0ObOobUobOoDO tacticO
oboboooboboooboobooobooboobo 1obobDoobUobooobOoobUoobDoo
gbobooobooboboobboobooon

43.1 ring00O0O field

ring 000 field DOOO0OO0OOD0OOD0ODO0ODO0ODOODODOODOOO tacticODOODO
oo0ooobooboboobboobooobooboboobooobooboboooboon
goooobooboboobbooobooboboobbooboooboobbooboon
OO00o000oodooddO0mmxn+m0d (n+1)«mO000000O0QCOOOCO0ODOO
gboboobooobogd rng0OUO0OD0DO0ODOOOODOOODOOO

Section calc_ring.
Variables n m | : nat.
Theorem ring_example : {n' : nat | m*xn+m=n'},
Begin.
LHS
—{ ring }
((n 4+ 1) * m).
i
Qed.

End calc_ring.

ring 000 field 0 Coq0 0000000000000 O00O00O0ODODDODOproof by reflec-
tion [2,5|000000000000000000O00O0O0ODO0O0O LtacODO0ODOODOODOO
goboobooooboooboobooboboobooboooog

4.3.2 autorewrite

autorewrite D Orewrite 1 0 00D 000000 DDO0OO00O0O0OO0ODODOO0OOO0OOOO
tactic 0000 00O Hint Rewrite 00 0 HintDB (tactic 000000000 tacticO OO
0)00000000000000000000DO00DO0DO00OLO0OODOO0DO0OODO0ODOO
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040 0OO0OUO0O0OOOODOOOODO tacticOOOODO

0000000000000000O0O0O0O0OoOoOooo*o
gboobooboobooboobobobobobOobUobobOobobobobobooooog
00o0o0obo0oboobobo0oboobo0 dbooboobooobooboobooon
do0booboboooboo0ob0oobbo0obbo0obbo0o0bOdUdDDUdHint Rewrite U O
O00000000D00D0O0O composecassoc OO0 0OO dOOO0OO0OOOOOOOOOO
0000000000000 compose_id_left I I [0 compose_id_right [1 [J program_calculation
0000000 HntDBOOOOODOODOODOOautorewrite 100000000000 ODO0O

program_simplify [I autorewrite with program_calculation OO0 OO0 OO OO OOO

Require Import Program.
Hint Rewrite «—compose_assoc : program_calculation.
Hint Rewrite compose_id_left : program_calculation.

Hint Rewrite compose_id_right : program_calculation.

Ltac program_simplify := autorewrite with program_calculation.

00000000000 program_simplify d Oid :o: (h :0: g) to: fO h :o: (g:0: f) :orid DO OO
00000000*00000autorewrite 100 0000000000000000000O0
oo0o

Section autorewrite_example.
Variables A B C D : Type.
Variables (f : A —B) (g : B —C) (h: C —D).
Theorem autorewrite_test : {f' : A —D | id :0: (h :0: g) :0: f = {'}.
Begin.
LHS
={ program_simplify }
(h :0: (g :0: f) :0: id).
if
Qed.

*1

*2

000 HOODOOOHiIint Rewrite HO HintDB OO OOOOODODOODOOOODODDDOOOO
Hint Rewrite —H O HintDBOOOODOOOOOOOOOOODOOOOOO
0510000:00:000000000000000000000 Coq.Program.Syntax00 000000
gooooooooobooobooboooboooooobooooobooOooo
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CoqUUOOOOOOOOODOOO

An Introduction to the Theory of Lists [3] (O O Theory of Lists 00 00) 0 Bird 0O
boboboobobobobobobobobobobobooboobooboooooooon
Ooo0oooOoo0o00oobObo000DD taticOODOOOOOODOOOOODODODOOOO
0000000000000 0000000000000 CoqOOOOOOOODOOOOOO
oboooobooobooboobooboooboboboboboboooboboboboobon
oo0 4000000000

Theory of Lists 00 000000000 OOOOOOOOOCOOOOOOOO0O0O0O0O
000000000000000000000 CoqODOOODOODOODODOODOOOO
0000000 consOOO0O0O0O00O0O00O0 snocODOO0O0 joinO0000000O0O0D0ODOO
000000000000 reduce 00000000000 0OO0OO0OO0O0O0OOOOOOOOOO
0000000000000 00CeqO00OD0O0OO0OOOO0O0DODOOO0OOOOO0ODOOOO
gboooooobooboooboon

5.1 Theory of Lists 0 0O O

Theory of Lists 0 0 00 0000000000000 0O0O0OOCOOOOOOOOOOO0O
odoooobooboboobbooboooboobobooboooboobobooboon
gooooboobooboobbooobooboboobbooboooboobboooboon
gobooobogbbooboooboooboobboobooobooboboooboon
gbbooboooboobooboobo

Theory of Lists 00 0000000000000 0O0OOOO0ODOOOOODOOOOOOO
000000000000 0mep 00000000 1000000 200000000
gbooogoobooboooboobo

fxlar,ag, ... a4, = [f a1, f az,..., [ ay] (5.1)

“"0 reduce 000000000000DO0O 1000000 2000000000000
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00000000000000
®©/ lar,az,...,an] = a1 ®az ®--- Day, (5.2)

reduce 10 2000000000000000000000OO0OOOOOOOOOOOOO0O
gbbogbogogbog

“ 0 filter 0000 true 000 falseOODOOOOO 10000000 20000000
000000000 tee0000000O0O0O0O0OO0OO0OOOO00O0CoqDOO0O0OOOOOO
googo

Section filter.

Variable A : Type.

Fixpoint filter (f : A —bool) (x : list A) : list A :=
match x with
| nil =nil
| a i x" =if f a then a :: filter f X’ else filter f x’
end.

End filter.

Theory of Lists 0 0 000 0000000000000 O0O0O0OOOOOOOOODOOOOO
0000000000000 00000000DoDoo0o0o00ooooooooooOoOoo
O000000o0oooooooooOoooooooooooogo

0000000 Theory of Lists 000000000 00OBrdOOOO0OOODOOODOO
00000000 400 tacticOOOODOODODOOOOOOOOODOODDOD 51000
CalculationalFormProof 0 00 00 0000000000000 O0OOOOODOOOOOO0O
O000000BindOOOOODOOOOOOOOOOO O5100000000000000
O000o00ooooooooooOooooo

52 0O0OOOOOO

CoqU 000000000 DODDOODODOOUODDOODODOOOUOUODODODDOOOOOOOOO
odooboobooboboobboobboooboobobooboooboobobooboon
goooobogoboboobbooobooboboobbooboooboobboooboon
goboogobogoboboobbooobooboboobbooboooboobboooboon
00000000000CoqOOO000000O0OD0O0DODODOO0OO0O00D0OOOOO0O0OO
googon

gooobooooobo ioboboboobOobobobobOobUogbogogoooooog
gobboogoobobooooobboooooooobooooobobobooooooobo
gboobooooboobooboobobobobobobobobobobobobo

Section head.
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Theorem filter_promotion : Theorem (filter promotion).
p <l :o: @concat A po concat = concat o (p<)x*
= Qconcat A :o0: p <| *.

Proof. Proof.
LHS LHS

={ rewrite (filter_mapreduce) } = {pa=+/ofx}
(++ / :0: f * :0: @concat A). H/ o fxo concat

={ rewrite map_promotion } = { map-promotion law }
(++ /:0: Qconcat (list A) :o: fx %), H/ o concat o fxx

={ rewrite comp_assoc } = { associativity of o }
((++ /:0: @concat (list A)) :o0: f*x *). (H/ o concat) o fxx

={ rewrite reduce_promotion } = { reduce-promotion law }
(++ / :0: (++ /)% :0: fx %x). H/ o (H/)xo fxx

={ rewrite concat_reduce } = { concat =/}
(@concat A :o: (++ /)x :0: fx *). concat o (H-/)x o fxx

={ rewrite map_distr_comp } = { map distributes over o }
(Gconcat A :o: (++ / :o: f *) *). concat o (H-/ o fx)*

={ rewrite filter_mapreduce } = {pa=+H/ofx}
(@concat A :o: (p <[) *). concat o (p<)x*

0. -

Qed. 000 fa=(pa)? [a] 1]

051.00000(0) CaleulationalFormProof 0000000000 (0) Bird 0000

goooboo

Variable A : Type.
Fixpoint head (d : A) (x : list A) : A :=
match x with
| nil =d
|a:x =a
end.
End head.

ob00oo00dob0ooooobooboobooboobooboo0 D000 d0O0b0Oob00oo0on
ooobooboobbo0obbo0 dbOooboboobo
0000000000000000O0o0oooo*000000000000ooooooo
U00dddddlheadDD0D0OD0DO0DODDAOOO ab00O0O0Oheada 000 list A—=ADD
oooooboobobooboboobobooboooboobboooboooboooo
goobooooobbbuooooobboooooobboooobobbomobooo
goboogobogoboboobbooobooboboobbooboooboobboooboon
Ub0bo0biod0 reedDOOODOOO0ODOOO0DOODDOODLOOOODOO

100000000000 00000000000000000000000000000000000000
goooooooooooooog
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Theorem head_cons :
V(a : A) (x: list A), head (cons a x) = a.

U00O0Ohead D0 OOO0DOODODOOODOOOODOODODOODODODOODOOODOO

Theorem head_cons :
V(ad: A) (x: list A), head d (cons a x) = a.

gbobooobooboobboobtbodJdbo0ooboobboobooboobbooboon
goboooo

U0000bDooboD AODOODDOO optionAOODOODDOOODOODO option O T
U0AOD0DDOO0O00 SomeDDOOOODODODOOOO NeneDOOOOOOOOOOOO
gbobooboooobogn

Inductive option (A : Type) : Type :=
| Some : A —option A
| None : option A

gbooooboobbooobooobooboboon

Definition head_option (x : list A) : option A :=
match x with
| nil =None
| a i x’ =Some a

end.

option 00 0000000000000 DDODOO0O0O0OOCO?00000000 CoqOOO
00000000 Db00o0b0b0o0b0bOo0o0obobU0o0obbOooOn NeneOD O OOOonO
gogbooooooooo0o0o0o0oo0ddooooooooooooobbboobDbbDbn
gododobobooboobobooooooooobbbbobbbbobobobobbobobobbobbbn
gbobogpobuobbuogobogbbuooobuoobbuoobbbdoeptiond0Oogn
000000000000 0o0oboOoptiondOODODODODOOO optionOOOO0OOOOMO
0*000000000000000000000000000000000000O0O0Qa0Q
UO0000000headoption 000000000000 head OODODOODODOO
oooooboobobooboboobboooboooboobboooboooboobooo
goooobooboboobobooboooboo

*QDDDDDDDDDDDDDDDDDDDVA:Type,ADDDDDD[IDDDDDD CoqUUOODOOO
goooooooooobooboobooooooobogoo
*$0oOo000000000000g
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Definition head_premise (x : list A) : x <> nil —A =
match x return x <> nil —A with
| nil =fun prf =match prf (refl_equal nil) with end
| a:x =fun_=a

end.

oo ooo0 x0o0o0oDmMxO nlOO0O0O0O0O0O000 x<>nlOD0O0OO
gobodbboobOxddbboobiboodbboobDxd mlDO0O0Ox<>nl 00000
0000*0AODOOOOOOOOOOOOOOD 0000000000000000000
gooooboobooboobbooobooboboobbooboooboobboooboon
gbobooobooboobooboooboobboobobooboo
gbbooobogbbuoobbooboobobuoobbooboooboobbooboo
0o0o0o0obooobog istigoboooboobooooboo

Section listl.

Variable A : Type.

Inductive listl : Type :=
| singlel : A —listl

| consl : A —listl —listl.

Definition head_on_listl (x : listl) :=
match x with
| singlel a =a
| consl a x' =a
end.
End listl.

odoooobooboboobbo0oboooboobobooboooboobobooboOon
gboooobogoboobboobbooobooboboon

gobooobogobuoobbooboooboobbooboooboobobooboo
gbooboggbogbbdoobboooboobbuoobboobuoobobooboboooboon
0000 1000000000000 ooooooooooooooo

53 000000000000

000 Theory of Lists 10 0 0000000000000 00O0O0OO0OO0O
0000000000000 2000000n000 consOO00OO00O0ODOODOODO
goobooooboboobooooooboOobOobOobOobOo looboooUoboUoboobooo

*x<>nil O (x=nil) »False 000 OFalse 00 0000000000000 O0O00OO0OOO
prf (refl_equal nil) 00O FalseD0O OO
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0000000000000 00(00000D00D0 cons0000O0O0)00OODOOOO
OO0DOO000O0DOO000O0bDO0O0OU0bDOU0DO snocO0OO0OO0ODOOOOODOOOODO
000 10000000000000000O0000O0O00O00D00 jomOOODODODODO
000000000000 1000000000000200000000000000000
ooooooood

OO0DO000O0bO000 consUOO0O0O0OODOOODODOOODOODOOOOODOOOOD
00000000o000o00oo0oooooooooooooooooOn0 1000o0o0n
o00doo00o0ooobo0o0ob0oobDbOO0o0obOo0obOU0oobODbOObObUOoUobOOoOoDbDOO cons
OO0DOO0O0O0OO0OsnocO0O0 join000OO0O0ODOO0OOODOOOOOOOODOODOODO
00000000000 Theory of Lists 00O consDO 00000 OOsnocOO0OO0O0O0O
O0jom00000000O0O0OO0ODOODOODODODODO

OO0 snocOO0OD00O0O joinOD0O00OO0OD0Coq 00000 0DOODOOOOOOOOOO

Section snoc.
Variable A : Type.
Inductive slist : Type :=

| snil : slist

| snoc : slist —A —slist.

End snoc.

Section join.
Variable A : Type.
Inductive jlist : Type :=
| jnil @ jlist
| jsingleton : A —jlist
| jappend : jlist —jlist —jlist.
End join.

gboooobooboobbooboob st D0O0sistD0000jst0 0000000
0000000000000 DO00000D00000DO0OD000bO0D000 snocdO0O0O join
gbobooobbooobboobboodbbeonsddbbooobbooobbooonon
OO0OsnocO0O0O0 joinOOOOO0ODOOODOOOOOOODOOO

O0O0000000000000D0200 Inductive DOO00OOO00O0O list0DO0ODOODO
CoqO0 00000 st 0000000000000 O00OO0OD0OO000DOO0ON listind OO
goboooboogooogn

list_ind :
V(A : Type) (P : list A —Prop),
P nil —
(W (a: A) (I:list A),
Pl—-P(a::l) —
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Section foldl_snoc.
Variables A B : Type.
Fixpoint foldl_snoc (op : B —A —B) (e : B) (x : slist A) : B :=
match x with
| snil =e
| snoc x" a =op (foldl_snoc op e x') a

end.

0 5.2.snocO0000O0O foldlOODO

foldl_rev_char : V(A B : Type) (op : B —A —B) (e : B) (f : list A —B),

fnil=e —
(V(a:A)(x:listA), f(x++[a]) =op (fx)a) —
f = foldl op e

0 5.3. foldl rev_char 00O
VI list A, P I

ooopboD sistddgg jlistdbggggoobbobbbbbobdgooooooon
gobooooobobobobobbobODbObOO0000 consOOODOOOODOODODODODODODODODOO
goobooboooooogn

rev_ind :
V(A : Type) (P : list A —Prop),
P nil —
(V (x : A) (I : list A),
Pl —P (I ++ [x])) —
vl list A, P I

join_induction :
V(A : Type) (p : list A —Prop),
p nil —
(Va:A p(a]) —
(V xy: list A,
PxApy —p (x ++Y)) —
Vx : list A, p x

reviind D 0 O000OD00ODO0O CoqgllistLlists DO D ODODOD0ODODOODOOOOODOOO

join_induction 0 O OO OO OO0
O0OCOsnocO00000000O0ODDOOOOCOOOOO0O0O0OOO2000feldlDO0000

0000000 bOo0b0bOOOsnocO0O0O0OO0OO0DDODOOODOOOODODOOODOOODO
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O00sist0O000000O0O b20000000000000 consOOOOOODODOODO
0000000000 DO0ODO0O0OO0ODOODO s3000000DOODOgd foldl_rev_char
O00000000Ox++ [aJ00app x (consanil)d Notation OO0 0D0OO0OOOOODO0O
0000000000000 00D000D foldO0200000000000000Ocons O
0000000000 DO0DO00O0DO0O00000D0OD0OO fO fodlopeOOOODOOOO
00000 fril=e000000000D0O0O aOxO0D00 f(x++1[a]) =0p(fx)alDO0O
00000 20000000000000000000000D000DOO00D2000000
O0O00000O00D0O0000O0O0DbD0O0O0O fodlsnocO O O00ODOOODOODOOODOO
O00000000Ofoldlrevchar 000000000000 ADDODO
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510000000000 redduce 00000000000

Va, ®&/[a] = a (5.3)
Vey, e #nil ANy # nil = &/(x Hy) = (®/x) ® (D/y) (5.4)

00000000 (4) 0000000000000 0O0O0O0ODOODODOODOOODOOD
doodooooobobooboooooooooooooooooobobobbobobobooboDbbobDn
O000000O0reduce 0000 20000000000000000000DO0O0OCOOOO
0000000000000 000000000000D00000OD00000 reduce 00
gobobobooooobobbooobobobboooobobobooooobbbbooooooboobo
reduce 0000000000000 O0O00O0OODOO reduce000000

Section reduce_mono.
Variables (A : Type) (op : A —A —A) (e : A).
Definition reduce_mono (m : monoid op €) :
list A —A =
foldl op e.

End reduce_mono.

00 reducemono 000 00Coq0O0O0DODOOIODOOOOODDODO reduce_mono 0O
100 mOOOOMmonoidope 000000 moncidope DO ODADOOODOOO opOOOO
O00e000000O00DO0O0DDOODOODOOOOODOOODOODDODODO (monoiddO0O
0000 BOOOO)000OU0O0OODOOO0OO0O0OOOOfldlope0000 OD0OOopOOOO
O0e000000OD0O0OODOODOOOOfoldloped reduce 0000000 O0ODOOOO
000000000000 1000000 [aq,a9,...,a,] 00000

foldl (®) e [ay,az,...,a,]

=(e®al)Pa))® - Day,

—edarDaxd---Day (000000O)

=aPax®---Day (e0@O000O0O)
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0000000000000000000000000000000 reduce 000 (5.3) O
00 (54)000000 (00000000000D000)0000000000 ¢000 y0O
nil 00000 (5.4) 000000

000000D0000000000000000000000000000 reduce_mono O
00000000000 reducel 000000

Section reducel.
Variables (A : Type) (op : A —=A —A).
Definition reducel (a : assoc op) (d : A)
(x:list A): A=
match x with
| nil =d
| a’ :: x =foldl op a’ x
end.
End reducel.

OO0 reducel 000 100000 assocopd 00 alO0OOassocopDDop OO0 OOOOOMNO
OO000000O0C0O0DO0O0DOOOODOreducel 000 20000000 nDOOOQO0ODO
goboooobooooOoboboobooboOoobs10bobo0obooDOobobOOoDbooboOoDo
000000obO0000bO0o0oo00obOo0obO0obOoobO 2000 MD00O0O0O0O0OODOOO
dO00O00000D0O000000000000000 a2 00000fld 0000 reduce O
000000000 reducel OO reducemono 00 OO0 O reduce 000 (5.3) 00O (5.4) O
0000000000000 oon
goo0oboobooboobobobobUobU0bUobUobUobOobOobobgobooooog
gboboboobobobobOobUobuobobUoboOoboooDoooooooo

5.5 Fictitious Value O O O O reduce O O O

oooooooooobobobobobobobbboooobooooooooooooa

0000000 Ofictitious value 3] 0000 reduce 0000000000 0OOOOOOO
000 dFictitious value 0 000000000000 O0D0ODOOOQO Theory of Lists 00 O
0000000 reduce 00 10000000000 DO00O0DO0DOODODOOODOOOOOOOO
O00000D0 reducel 0OODOO0OODOOfictitious value 0000000000000
0000000000 0000 AUODDOCUOUOUODOUOUOUOe00ACOODOOOOO
00000000000000000000000000 ¢ 0000000000000

a®b=>b, ifa=e
=aqa, ifb=ce

=a®b, otherwise
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Require Import List FunctionalExtensionality Program.



Set Implicit Arguments.

(x* The specification of foldl. foldl is a function that satisfy
foldl_nil_case and foldl_snoc_case *)
Record foldl_spec {A B : Type} (op : B —A —B) (e : B) :={
foldl_impl : list A —B;
foldl_nil_case : foldl_impl nil = e;
foldl_snoc_case : V(x : list A) (a : A),
foldl_impl (x ++ [a]) = op (foldl_impl x) a

(xx Two "foldl_impl”s are (extensionally) equal,
if they both satisfy foldl_nil_case and foldl_snoc_case )
Theorem foldl_unique : V(A B : Type) (op : B —A —B) (e : B)
(f1 f2 : foldl_spec op ),
foldl_impl f1 = foldl_impl 2.
intros.
destruct f1.
destruct 2.
unfold foldl_impl.
apply functional_extensionality.
apply rev_ind.
rewrite foldl_nil_case0; rewrite foldl_nil_casel; reflexivity.
intros.
rewrite foldl_snoc_case0; rewrite foldl_snoc_casel.

rewrite H; reflexivity.
Qed.

(** An implementation of foldl. x)
Fixpoint foldl {A B : Type} (op: B —A —B) (e : B) (x: list A) : B :=
match x with
| nil =e
| a:: x" =foldl op (op e a) x'
end.

(¥ A hypothesis that the "foldl” satisfies foldl_snoc_case.
Actually, it can be shown x)
Hypothesis foldl_snoc_conc :
V(A B : Type) (op : B —A —B) (e : B) (a: A) (x: list A),
foldl op e (x ++ [a]) = op (foldl op e x) a.

(¥* The "foldl” makes a foldl_spec )
Definition foldl_instance {A B : Type}(op : B A —B) (e : B) :
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foldl_spec op e :=
let foldl_impl := foldl op e in
let foldl_nil_case := refl_equal e in
let foldl_snoc_case := fun x a =foldl_snoc_conc op e a x in

Build_foldl_spec op foldl_impl foldl_nil_case foldl_snoc_case.

(xx If a function f satisfy foldl_nil_case and foldl_snoc_case,
it is equal to (foldl op e) )
Theorem foldl_rev_char : V{A B : Type}(op : B —A —B) (e : B)
(f: list A —=B),
fnil=e—
(V (x:list A) (a: A), f(x++[a]) =op (fx) a) —
f = foldl op e.
intros A B op e f H_nil H_snoc.
change (let foldl_instance_f := (Build_foldl_spec op f H_nil H_snoc) in
foldl_impl foldl_instance_f =
foldl_impl (foldl_instance op €)).
apply foldl_unique.
Qed.
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Set Implicit Arguments.

Section Monoid.

(+* op is associative. x)

Definition assoc (A : Type) (op : A A —A) =
V(xyz:A) op(opxy)z=opx(opy z).

(xx e is a identity unit of op %)
Definition has_unit (A : Type) (op : A —A —A) (e : A) :=
V(x: A), opxe=xAopex=x.

(x*x A is a monoid with respect to operator op and element e x)
Definition monoid (A : Type) (op : A A —A) (e : A) :=

assoc op Ahas_unit op e.

(#* This tactic destruct monoid structure. x)
Ltac monoid_expand H :=

unfold monoid in H; elim H; intros Assoc Unit; unfold has_unit in Unit.
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(x* This extract left unit law of the monoid. x)
Lemma monoid_left_unit:
V(A : Type) (op : A —A —A) (e : A),
monoid op e —
V(x: A), opex=x
Proof.
intros A op e mono.
monoid_expand mono.
exact (fun x =proj2 (Unit x)).
Qed.

(x* This extract right unit law of the monoid. *)
Lemma monoid_right_unit:
V(A : Type) (op : A=A—A) (e : A),
monoid op e —
V(x: A), opxe=x
Proof.
intros A op e mono.
monoid_expand mono.
exact (fun x =-projl (Unit x)).
Qed.

(** monoid_assoc extract associativity from monoid structure. )
Lemma monoid_assoc :
V(A : Type) (op : A —A —A) (e: A),
monoid op e —assoc op.
Proof.
intros.
monoid_expand H.
apply Assoc.
Qed.

End Monoid.
(x* monoid_expand tactic destruct monoid structure. x)
Ltac monoid_expand H :=

unfold monoid in H; elim H; intros Assoc Unit; unfold has_unit in Unit.
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(x* = Fictitious values can be implemented using option type. x)

Require Import List Plus.
Set Implicit Arguments.

Section reduce_option.
Variable A : Type.

Variable op : A —A —A.

(#+ Definition of associativity *)

Definition assoc := Va b c: A, op (op ab) c=opa (opbc).

Variable op_assoc : assoc.
(x= lift2 lifts a binary operator x)
Definition lift2 (oal : option A) (0a2 : option A) :=
match oal, oa2 with
| None, - =0a2
| -, None =-0al
| Some al, Some a2 =-Some (op al a2)

end.

(x* op’ denotes the lifted function x)
Notation "'op'™" := lift2.

(xx If op is associative, then lifted function is also associative x)
Lemma lift2_assoc : Voa ob oc : option A,

op’ (op’ 0a ob) oc = op’ oa (op’ ob oc).
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intros.

case o0a; case ob; case oc;
intros; simpl;

try rewrite op_assoc; reflexivity.
Qed.

(xx If the list is nil, reduce is not defined.
If it is not, it is defined using op’ x)
Fixpoint reduce_option (x : list A) : option A :=
match x with
| nil =None
| a i x" =op’ (Some a) (reduce_option x')

end.

(xx It is also possible to implement reduce_option
using foldr or foldl x)

Definition reduce_option_foldr : list A —option A :=
fold_right (fun a : A =-op’ (Some a)) None.

Notation "’'red" := reduce_option.

(+* reduce and singleton x)

Theorem reduce_singleton’ : Va : A,
red (a :: nil) = Some a.

reflexivity.

Qed.

(+x reduce and app *)

Theorem reduce_app’ : Vx y : list A,
red (x ++ y) = op’ (red x) (red y).

induction x.

intros.

simpl; trivial.

intros.

change (op’ (Some a) (red (x ++ y)) = op’ (op’' (Some a) (red x)) (red y)).

rewrite IHx.

rewrite lift2_assoc.

reflexivity.

Qed.

End reduce_option.

(* examples. x)



(*
Eval compute in reduce_option plus nil.
Eval compute in reduce_option plus (1 :: 2 :: 3 :: nil).

Eval compute in reduce_option minus (10 :: 5 :: 1 :: nil).

*)

Section reduce.

Variable A : Type.

Variable op : A —A —A.

(+* reduce takes only associative operators )
Definition reduce (op-assoc : assoc op) :=

reduce_option op.

Variable op_assoc : assoc op.
Theorem reduce_singleton :
Va: A,
reduce (op_assoc) (a :: nil) = Some a.
apply reduce_singleton’.
Qed.

(x* reduce always distributes over app *)
Theorem reduce_app :

Vx y : list A,

reduce (op_assoc) (x ++ y) =

lift2 op (reduce op_assoc x) (reduce op_assoc y).

intros.
apply reduce_app’.
assumption.
Qed.

End reduce.

Lemma plus_assoc : assoc plus.
unfold assoc; intros.

apply plus_assoc_reverse.

Qed.

(* same as the last examples, but reduce is restricted )

(*
Eval compute in reduce plus_assoc nil.

Eval compute in reduce plus_assoc (1 :: 2 :: 3 :: nil).

*)



